In this paper, we present a 3-D numerical model of an integral formulation for the efficient computation of 3-D magnetic fields in hysteretic media with (time) periodic sources. The hysteretic medium is described by an isotropic vector generalization of the classical scalar Jiles-Atherton model. The nonlinear algebraic system is solved using Picard-Banach iterations in the frequency domain. The full matrices arising after the discretization of the main (linear) operators are suitably compressed and distributed among the nodes of a parallel computer system. The numerical model is applied for the nondestructive micromagnetic characterization (of mechanical properties) in metallic materials. In particular, the problem of estimating incremental permeability is analyzed.
I. INTRODUCTION

M
ATERIAL characterization is a field of paramount importance in the steel industry. Obtaining information on the mechanical properties of a specimen without resorting to expensive destructive tests is a major challenge for electromagnetic nondestructive evaluation (ENDE) methods, which rely on the concept that the material microstructure affects both the mechanical and the magnetic properties of ferromagnetic materials. Usually, the micromagnetic characterization of mechanical properties is achieved using the measurements of the incremental permeability along a hysteresis loop, multifrequency eddy currents induced in the hysteretic medium, Barkhausen noise, and harmonic analysis [1] . Several experimental studies and their application in industrial environments have already demonstrated the validity of this approach [1] , [2] . The design and optimization of the probe, as well as a reliable interpretation of the measurements, require accurate numerical models. Among these, a key role is played by the magneto-quasi-stationary Maxwell equations in hysteretic media with time-periodic sources.
The computation of magnetic fields in hysteretic media is a challenging problem that is of interest for numerous applications, such as the analysis of electrical machines [3] , magnetic recording [4] , and nondestructive evaluation (NDE) [5] . In [6] , we presented an integral formulation of the problem with the hysteretic medium described by an isotropic vector generalization of the classical scalar Jiles-Atherton model. Specifically, in [5] , the nonlinear problem, for periodic sources, is solved in the Fourier domain using Picard-Banach iterations [16] whose convergence in a wide range of material properties can be analytically proved [7] . The numerical implementation has been carried out in a parallel environment, with a fast computation of the relevant matrix-by-vector products via a suitable sparsification of the full matrices involved [8] , [9] . In this paper, we extend the method to include an efficient numerical modeling of incremental permeability and harmonic analysis (in view of micromagnetic characterization). The information related to the incremental permeability curve (peak maximum, peak separation, and width at different heights of the maximum amplitude), together with other electromagnetic measurements like the harmonic content of the field, is fed into a multiple regression approach as a tool to model material characteristics [10] . Specific calibration procedures give reference values for mechanical hardness, yield and/or tensile strength, or residual stress. In the technique for measuring the incremental permeability, a magnetic induction is applied to the specimen using an iron yoke supplied with a low-frequency (LF) sinusoidal voltage establishing the working point along a hysteresis curve. Then, the quantity related to the incremental permeability is obtained from the response of a small loop powered at a higher frequency and placed between the legs of the yoke (see Fig. 1 for a sketch of the NDE testing system). Several numerical results will highlight the nature of the link between this measurements and the value of the tensor expressing the reversible incremental permeability in the material.
II. NUMERICAL FORMULATION
We consider a set of conductors belonging to the conducting domain V c , in the presence of magnetic materials belonging to the magnetic domain V M . In the numerical model, we embed an isotropic vector generalization [6] of the classical scalar Jiles-Atherton model, which, despite the simplicity due to 0018-9464 © 2014 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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the local memory character, is one of the most widespread phenomenological hysteresis models.
A. Time-Periodic Nonlinear Set of Equations
The set of magneto-quasi-stationary Maxwell equations leads to the following weak form [11] , [12] :
The magnetic material is characterized by the constitutive equation M = G(B) in V M and the conducting material by E = ηJ in V c . A S and B S are the vector potential and the induction given by the external sources, the operators A and B give the magnetic vector potential and the magnetic flux density, respectively, for a given magnetization and prescribed current density and are defined through the Biot-Savart law. A set of N E electrodes identified by the surface S E may be present as a part of the boundary ∂ V c of the conducting domain. Each of these is characterized by the electric potential φ h . We represent J as the linear combination of the basis functions
; on the other side, the magnetization is expanded on piecewise constant functions [12] : M(r, t) = j M j (t)P j (r) inV M . According to Galerkin's method, we choose the J k 's in (1) and the P k 's in (2) as the weighting functions W's and W M 's, respectively. Condition ∇ × T j ∈ S can be satisfied by adopting edge element shape functions for T; its uniqueness can be imposed, as described in [12] .
The solution of this time-periodic nonlinear set of equations with hysteretic media cannot be obtained within a reasonable CPU time in the time domain. For this reason, we use a frequency-domain iterative algorithm converging directly to the steady-state solution of the problem [3] , [7] , [11] . Therefore, the J, B, and M field solution in periodic regime is calculated by approximating the unknowns into truncated Fourier series. In the current density, the unknown functions I j (t) can be approximated as
whereĨ j,n (n = 1, . . . , N H ) is the phasor representing the nth harmonic of I j , ω 0 is the fundamental angular frequency, and N H is the number of harmonics in the numerical approximation. Similar expressions hold for the magnetization M and the magnetic induction B. Then, the problem is solved using the iterative fixed point procedure already described in [5] . In short, it consists in the following steps: 1) start from k = 1 and M 1 (r, t) = 0 in V M , ∀t; 2) computeĨ j,n (n = 1, . . . , N H ) by solving (1) in the frequency domain, for assigned sources A s and M k , approximated by a truncated Fourier series;
calculate the discrepancy between M k and M k+1 ; 6) if the convergence is not achieved, increase k and go to 2). The iterative procedure requires the evaluation of the products of the full matrices corresponding to the discrete form of the linear operators A and B, with the vectors representing the sources J and M. These products are efficiently evaluated using the low-rank property associated to the long-range interactions, as described in [8] and [9] . The products are implemented in an efficient parallel computational environment.
B. Vector Hysteresis Model
The above formulation requires the definition of the nonlinear constitutive relation M = G(B), which has to be chosen in the framework of mathematical vector hysteresis models. Here, we adopt an isotropic vector generalization of the classical Jiles-Atherton model [13] , which has proven to be effective in the analysis of NDE configurations [5] .
The input-output relationship between the magnetic induction B and the magnetization M of the inverse vector JilesAtherton hysteresis model can be represented in differential form [15] , [6] 
where
are the differential susceptivity matrices associated with small magnetization changes dM produced by small magnetic induction changes dB at the point
where I is the identity matrix M s , k, c, α, and a are the parameters of the classical (scalar) Jiles-Atherton model, and M an (H e ) is the vector generalization of the hysteretic magnetization curve. It is worth to remark that (6) considers both reversible and irreversible magnetization changes, which occur in the material, whereas (7) describes only reversible magnetization changes, which happen, for instance, at the turning points of a scalar hysteresis loop. The choice of the right increment dM is made according to the sign of the scalar product χ f · dH e , where the vector χ f can be interpreted [15] as the ratio between the force compelling domain walls to move and the resistance to changes produced by the density of pinning defects k.
C. Incremental Permeability Computation
Using (6) and (7), it is possible to compute the differential permeability tensor in any point of the material, which has the following expression [the dependence on (M 0 , B 0 ) is understood]:
Typically, the 3 × 3 matrix expressed by (11) is fully populated whereas the reversible permeability matrix (12) is diagonal but not isotropic.
The latter equations play an essential role for the simulation of the incremental permeability measurement technique.
From the numerical point of view, the difficulty of analyzing this case lies in the need to model the response of a complex system produced by two driving currents having frequencies of different orders of magnitude. However, since the field B produced by the high-frequency (HF) current is much smaller than the reference field B 0 at LF, the computation can be split in two decoupled problems by performing appropriate linearization [13] . This results in: 1) a nonlinear (fully hysteretic) magnetic field problem where the driving force is the LF current, which can be solved as briefly recalled in the previous sections and described in detail in [5] and gives the working point (M 0 , B 0 ) at each point r in the medium and 2) a linear magnetic field problem for the small change ( H, B) where the inhomogeneous constitutive relation is given by
Equation (13) considers the fact that the small HF excitation forces the system to describe a minor hysteresis curve starting at (H 0 , B 0 ). Being the amplitude of the HF excitation very weak with respect to the LF signal, the irreversible loss associated with this minor curve (i.e., the area of the minor loop in the scalar case) is very small as well. Hence, in this case, the HF magnetization process will involve only reversible phenomena, considered by (13) . As a consequence, in 2), (2) can be rewritten as
III. RESULTS AND DISCUSSION The validation of the numerical model has already discussed in [5] . Here, we analyze the behavior of a similar system relevant to NDE testing configurations [1] . In this frame, we consider the micromagnetic characterization of mechanical properties using the measurements of a quantity related to the incremental permeability along a hysteresis loop and harmonic analysis [1] . The system is composed of a soft magnetic yoke (μ r = 2000) with two low-resistivity excitation coils, driven by an LF ( f = 200 Hz) voltage V , and a ferromagnetic plate (500 × 500 × 1 mm 3 ). In addition, there is a small excitation circular coil (mean radius r = 3 mm) powered at HF ( f > 20 kHz) and placed between the legs of the yoke with a liftoff of 0.5 mm and a detection coil in its proximity. A hall sensor placed under the small coil in the close proximity of the ferromagnetic plate measures the tangential magnetic field. The geometry is shown in Fig. 1 (d 1 = 16 We computed the LF field solution with different LF equivalent voltages (V = 5 V and V = 20 V), leading to values of the induction in the region of ferromagnetic plate between the legs ranging from 0.7 to 1.4 T. Fig. 2 shows a snapshot of the magnetic induction field at time t = 0 s for V = 20 V. We observe that the convergence of the Picard iteration is consistent with the theoretical prediction also in this hysteretic case (Fig. 3) . The computations have been carried out using 25 processors of the cluster hosted by the University of Cassino. The cluster is made by four identical nodes consisting of eight-core CPU and 36 GB RAM. Each Picard iteration required 1.0 s. Due to the relatively small size of the matrices, the compression procedure is not very effective in this case. A compression gain of 2.5 has been obtained for the multiplications needed in the matrix-vector product giving B from M. The plot of the periodic steadystate solution in the H x -B x phase space at the point of the ferromagnetic plate just under the HF coil is shown in Fig. 4 . In this figure, the tangential magnetic field under the HF coil as a function of time and its harmonic content is shown. This harmonic content can be used for estimating several useful quantities for NDT [1] , such as the material yield strength.
As illustrated in the previous section, we computed the reversible permeability tensor (12) in each point of the ferromagnetic plate, for a set of 50 working points along the hysteresis curve for the two equivalent voltage values (V = 5 V and V = 20 V). For each working point (M 0 (r), B 0 (r)), the linear magnetostatic system, arising after discretization of (14) , has been solved by meshing the ferromagnetic plate. For the sake of simplicity, the eddy currents have been neglected. The main results are shown in Fig. 5 . Notice the satisfactory correlation especially between the shape of the signals (mean magnetic induction related to the induced voltage) in the detection coil (bottom) and the actual incremental permeability inside the material in the direction of the HF excitation field (top).
IV. CONCLUSION
Material characterization is based on the experimental evidence of a link between the mechanical degradation of materials and their magnetic behavior. In this perspective, the ENDE methods, up to now, are mainly based on experimental studies, for the complexity of their numerical simulation (hysteretic materials, periodic sources, circuit coupling, and 3-D geometry). Here, we presented the study of a NDE testing system, aiming to analyze a technique for the measurement of the incremental permeability. The technique requires the superposition of fields in different directions at different frequencies. It has been shown the central role played by a 3-D simulation with a vector hysteresis model. In particular, it has been recognized that the material is characterized by an incremental permeability tensor, while usually experimental techniques refer to a scalar quantity. Therefore, we made an effort to provide a better understanding of the experimental information showing how a link can be established between external measurements and local material behavior in a general 3-D environment. Preliminary results show a good agreement between the detection signal and the incremental permeability along a particular direction. This might be an interesting starting point in the view of an optimized design of the probe and of a deeper understanding of its behavior.
